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Abstract

We derive the two-dimensional shell equations for a circular cylindrical shell by means of an asymptotic
expansion of the three-dimensional elastic state. The assumptions involved are of mathematical character only and
concern the continuity, differentiability and convergence of the series used. A numerical comparison between the
frequencies obtained by the two-dimensional shell equations and the three-dimensional state in the case of free
vibrations is presented in a few examples. © 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Elastic shell theories are usually derived from the equations of elasticity augmented by one or more
assumptions concerning the state of stress, deformation or elastic energy. Usually the ‘Kirchhoff
hypothesis’ is invoked in one way or another (Simmonds, 1997). In this paper the two-dimensional
theory of thin elastic circular cylindrical shells is derived solely from the three-dimensional theory of
elasticity using the method of asymptotic expansion. Any assumption made is of purely mathematical
character concerning continuity, differentiability and convergence of series. There is no ‘Kirchhoff
hypothesis’ or any other hypotheses invoked, either in the constitutive relations or elsewhere. It is an
exact theory. Many might find the theory overly fancy and the mathematics unnecessarily elaborate, but
that is how things are, it cannot be otherwise. I do not claim that any refined shell theory for cylindrical
shells is strongly needed, but I do claim that a linear shell theory built on First Principles only, is
something new and has an immediate appeal.

The method of asymptotic expansion of the exact three-dimensional linear theory of elasticity has
earlier been applied to thin plates (Brod, 1972; Niordson, 1979), and in this paper an extension to
circular cylindrical shells is presented. Following that method, we expand all quantities in terms of a
small parameter //L, where 2h is the thickness of the shell and L is a characteristic length of the
deformation pattern and obtain a sequence of shell equations, each more accurate than the preceding
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one. Here L can be taken to be the radius R of the shell, or as in the case of free vibrations, the
wavelength ¢/, where ¢ is the velocity of sound in the material and w the angular frequency.

With this method we obtain the equations of equilibrium as a power series in 4, where the coefficients
are linear differential operators on the displacement functions. The order of the theory will be denoted
by n, the highest power at which the series is truncated.

The zero-order equations are identically satisfied, and there is therefore no zero-order terms and no
zero-order theory. In the first-order theory (n=1), after cancelling a common factor, we find the well-
known membrane theory of cylindrical shells, in which the solution is independent of the thickness of
the shell.

The second-order theory (n=2) gives an unexpected result: there are no terms of order /4 in the
asymptotic expansion. The result is certainly not trivial, since it has been generally accepted (Novoshilov
and Finkel’shtein, 1943; Koiter, 1960; Niordson, 1971) that by using the uncoupled Love—Kirchhoff
strain energy expression, errors of order |i/R| are introduced, where R is the (smallest) radius of
principal curvature. Now we find that this is not the case for cylindrical shells.! Furthermore, by careful
analysis, we find that, like in the case of flat plates, only odd numbers of n contribute to the asymptotic
expansion. For flat plates, this was an obvious consequence of the symmetry properties in normal
direction. For cylindrical shells, where no such symmetry is present, it follows from the analysis.

The following iteration (n=3) contains terms of order 4?, and is therefore the lowest order bending
theory of cylindrical shells. It does not coincide with any earlier proposed bending theory, as far as the
author is aware, but the difference from, for example, the Morley—Koiter equations (Morley, 1959;
Koiter, 1968) seems to be insignificant, at least numerically.

With the formulas and procedures derived in this paper we can proceed to obtain any higher-order
theory. Thus the fifth order theory (n=15) is also derived and presented here. It includes terms of order
h* and in the numerical examples this theory shows a considerable improvement of accuracy over the
classical shell theory for sufficiently thin shells. But this is as far as we go. Higher order theories are not
derived in this paper, if only for the fact that the equations and formulas become rather awkward to
handle. Also the order of the differential equations increases. This was also found to be the case for
plates, however in that case, with a single dependent variable (the normal displacement) and a single
differential operator (the Laplacian), it was possible to find a way by which the infinite series could be
summed, hereby reducing the order of the final equation to a fourth-order differential equation, the
same order as the Kirchhoff equation. For cylindrical shells with three dependent variables (the
displacement components) and two differential operators (the partial derivatives in the middle surface),
unfortunately, no such reduction has been found.

The method derived can be applied to statically loaded shells as well as to shells in free vibrations,
but the main part of the analysis is devoted to the dynamic case of free vibrations.

The method of asymptotic expansion yields an exact solution (provided the series converge), which in
the limit coincides with a solution of the three-dimensional problem. But the truncated asymptotic series
is of course only an approximation. To illustrate the accuracy of the two-dimensional shell theories,
some numerical results have been obtained for the third- and fifth-order theory and compared with a
particular (numerical) solution to the three-dimensional equations of motion of an infinitely long
cylinder in free vibrations.

These examples show that the ‘refined’ fifth-order theory is far superior to the classical third-order
theory for sufficiently thin shells. However, they also show very clearly that shell theories are limited to
thin shells.

' We conjecture that the same holds true for all shells.
2 Niordson, F.I., 1985, p. 229.
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2. Basic equations

Let x' = (x, y,z) be normal coordinates,’ where z is the distance from the middle surface, z= +/
being the outer surface and z= —/ the inner surface of the shell. The coordinates x and y on the middle
surface are rectangular, x parallel to the axis of the cylinder and y the arc-length in tangential direction.
The boundary will be defined by the normals to the middle surface along one or two simple closed
curves C on the middle surface.

We shall furthermore assume that the shell performs small harmonic vibrations of amplitude ' =
(u, v, w) and angular frequency w. Through this frequency we define a wavelength L = ¢/w, where c is
the velocity of sound in the material, which is supposed to be homogeneous, isotropic and linearly
elastic, following Hooke’s law.

In the normal coordinate system the covariant metric tensor g; has the components®

1 0 0
gi=|0 (1+z/R?* 0
0 0 1

and the corresponding contravariant components are

1 0 0
=10 (14+z/R)? 0
0 0 1

where R is the radius of the middle surface.
Also the Christoffel symbols { ! } are functions of z, however, we find that all vanish, except the

following ones Ik
31 1+z/R
voll R

2 _ 2 _1/R
23| |32 1+z/R
For given conditions at the boundary the amplitude functions will depend on the thickness of the
shell element, and this dependence will be represented by the following asymptotic expansion,
u'(x,y,z)= Z Uy (X, ¥, 2)E"

n=0

for the contravariant components. Here the dimensionless number

3 Latin indices are used for the range 1, 2, 3.
4 Niordson, F.I., 1985, p. 48.
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e=h/L 1)

is assumed to be small in comparison with unity.
The functions u(,,(x, y, z) are now expanded in Taylor series at z = 0, i..

) 00 00 1 ‘
W p ) =D Y iU (5 07"
n=0 m=0 :
or
] 00 00 1 .
u = Z Z %Uén’m)zms"
n=0 m=0 :
where
8mui
i (n)
én,l‘ﬂ) = azm (X,y, 0) n,m:O, 1

are the partial derivatives of uén) with respect to z at the middle-surface. It follows that the
displacements of the middle-surface, with which the two-dimensional theory shall deal, are given by

oo
u'(x, y,0) = ZUfn,O)s"
n=0

In the following, whenever convenient, we shall use u, v, w to denote «’ and U, V, W to denote U’
The stress tensor o¥(x, y, z) is given in terms of the displacements by Hooke’s law,

o/ = G(@iui +9u + ugij@kuk)

where G is the shear modulus. The script letter & denotes the covariant derivative (or contravariant
derivative—as the case may be) in three dimensions.
We have also used the shorter notation for the following combination

_ 2v
T 1=2v

u

of Poisson’s ratio v.
Writing the stresses in dimensionless form

2!/ — @iuj 4 9}'”5 4 #g(/‘@kuk (2)

we have only one material constant (u) left in our formulas. Note that for v = 1/3 the number u = 2.
The stresses are expanded in the same way as the displacements,
ij )
2(x,y,2) = Z p S{,”n)(x, y)"e" 3)
< m!

n=0 m=

The equations of motion are
2+ A/ =0 4)

where
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A =pw?/G

The dependence of A on ¢ is given by

o0
A= Z A(n)ﬁn
n=0

Using (2) and (4) the equations of motion may be expressed in terms of the displacements
D9 + DD+ u D Dl + A =0

Expanding the covariant derivatives, we get the following three equations
82”+1 1+2 <%+3—W) A Y PLA A
0y? R/)\0z  ox R ax2  dx By 8x 82
+u(1+ Low Gz (Zug 2 P ez )
K Rox R)\ox2 T axay T axo: R

ia_w_l’_ 1+£ 2&_}.&4’_& _}.3 1_|_ 8V+ 1+£ 3<&+&)
Ry R 0y?  9xdy 0yodz R R) oz R 0x2 922

1 ow z 02w 8%y 0%u 2\’
i (1+2 P 2 +A(1+2) v=0 6
“‘[Raﬁ( +R>(8y82+8y2+8x3y + ( +R> ' ©)

92w 2w +2 1+Z 8w+8v n 1+Z 2 282w+ 92y n 3%u +82w
9y? R? R R/)\ oz  dy R 9z2  9ydz  odxdz  9x?

w 1 aw 2\ [ 9w 3%y 8u 2\’
- — 1 I+ ) |=—+— A1+ = =0 (7
+“[ R2+R<+R>82+(+R>(822+8y82+8x82 * <+R>W @
Substituting the displacements in the equations of motion, and equating the coefficients of all powers

of z and ¢ to zero, the equations of motion (5)—(7) generate the following relations between the
derivatives,

and

m(m 1) m?
(2+ ) 52 U(nm 2) +2(2+:u) 5VU(nm 1) + |:(2+:u)52 +52 R2:|U(nm)

1+2m

—R Unm+1) + Upms2y + (1 + M)(

m(m — 1) m
Téxéy V(n,m—2) + 2§5x51 V(n,m—l) + 5x5y V(n,m)

2 1 + 2 ®

m m

+ ﬁér W(n,mfl) +

2 m@m —1)
[ U(n rm—2)

O W(n ) + 0 W(n m+l)) Z A(r)

m
+ ZE U(n—r,m—l) + U(nr,m)i| =0
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m(m —1)
5% V(n,m73) +3 R2 52 V(n m—2)

m(m —1)m —2)

m
(1 + M)[Eéxay U(n,mfl) + 59(8}’ U(n,m)i| + R3

2 m(m + 1)

m m 1
+E|:35i+(2+,u)5}2_ T:|V(nm 1)+ |:5 +(2+ )52+3 R2 :|V(n,m)
)

m+1 m+3+uim+1)
+ 3T V(n,erl) + V(n,m+2) + R

5}7 W(n,m) + (1 + /f‘)éy W(n,erl)
" m(m — 1)(m —2) 3m(im — 1)
+ Z A()‘)[# V(n—r,m—3) - Ri V(n —r,m=2) + 3 V(n ram—1) + V(n rm)] 0

m(l+p)—3—
R2

m(m — 1)
(1 + M)|:R5 U(nm 1) +2 5 U(nm) + 5 U(n m+1)] + ‘uéyV(n,mfl)

m+ 1) — 1 m(im—1)
2%5}- V(n,m) +(1+ ﬂ)é_\: V(n,m+1) + Téz W(” m-2) t 2 5 W(” m—1)
(10)

m? +2m

-1
i| W(n ) + (2 + :u)|: R W(ﬂ,l71+1) + W(n,m-‘r2):|

[52+52+(2+u)
m(m 1)
+ Z A() W(n r,m—2). +2 W(n —rm— l)+ W(n ) =0

respectively. Here J, and ¢, are the differential operators 9/dx and 9/dy, respectively.
From Hooke’s law (2) and the expansion (3) the stress components are found to be

m m
Slnl (nm) + S(n m—1) = (2 + ,U)Eéx U(n,mfl) + (2 + ,u)éx U(n,m) + ,Lliéy V(n,mfl) + ,uéy V(n,m)

m+1
+ IIT W(n,m) + Womt1)

m(m —1) m(m — 1)

12
Snm)+2 S(nm 1)+ R2 S(nm 2) _5"'U(”a’”) R2 5 V(”’” 2)+2 5 V(”m 1)+5 V(”m)

mm—1) _, m(m —1)m —2) _, m
Sznzm) + 3 S(n m—1) + 3Ris(n m—2) + Ts(nm 3) — :uﬁéxU(n,m*I)

m m+1)+2
+ :u(sx U(n,m) + (2 + ﬂ)[ﬁéy V(n,mfl) + (2 + ,“)5}’ V(n,m):| + MT W(n,m) + #W(n,m+1)

S31

(n,m)

- U(n,m-H) + 5x W(n,m) (1 1)

mim—1) _; m(m — 1)
S3r12m)+2 S(nm 1)+ R2 S(nm 2) = R2 V(nm 1)‘*‘2 V(nm)+ V(nm+l)+5 W(nm) (12)
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m m
S(3r?m) + S(n m—1) — :uﬁ(sx U(n,m—l) + oy U(n,m) + ,ui(sy V(n,m—l) + M(Sy V(n,m)

2+u)+ (%
m
+ # W(n,m) + (2 + ,Lt) W(n,m-H)
The boundary conditions at the free surfaces z = +4 are given by
ZB(X’ Y, + h) = P;(.X, y)
2i3(xa )’»—h): P:(X, y) (14)

where Pi and P’ are the external loads on the outer and inner surface of the cylinder, respectively.

The static problem of an externally loaded cylindrical shell requires that we take A = 0 and give the
external forces Pﬂr and P’ on the outer and inner surface of the cylinder as functions of x and y.

For the dynamic problem of free vibrations, we keep A but take the external forces P! and P’ to be
equal to zero.

The further treatment of both cases is quite similar. The static problem leads to a system of three
inhomogeneous differential equations with a unique solution. The dynamic one leads to a system of
three homogeneous differential equations, i.e. an eigenvalue problem. In both cases the main effort lies
in determining the coefficients of the displacement functions and their determinant.

To avoid a tedious repetition we shall confine our further analysis to the case of free vibrations.

Now, assuming that the external forces on the outer and inner surfaces vanish, we have

+1)"" :
Z((n —)}")| 2731 r,r)L"i’ =0 i=12,3 n=0,1, ... (15)

These are six boundary conditions for each value of n, three for the outer surface (the plus sign) and
three for the inner surface (the minus sign).

The basic equations, from which the two-dimensional shell equations can be obtained, are now
derived. In the next section, we shall proceed by eliminating the unknown derivatives.

3. Elimination of the derivatives

In order to obtain the two-dimensional equations for the shell, we must eliminate all derivatives with
respect to z by expressing Uy, ,,, for m>0in terms of U, for r=0,1,2,..., n.
Consider the following matrix,

Voo Yon Yoo

Vo Yun Voo

Voo Ve Voo
The first column contains the ‘given’ functions, in terms of which all the remaining functions are to be
expressed. By following the ‘slash-order’ indicated by the Italian numbers in the diagram below, we can

determine any derivative in terms of zero-order derivatives, since it will depend only on earlier derived
functions, all of which are already expressed in terms of the zero-order derivatives (m = 0).
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i
(,m)

n\m 1 2 3 4

0 1 2 4 7
1 3 5 8

2 6 9

3 10

The eclements in the second column of the matrix are the first derivatives of the displacement
functions. They are found from the boundary conditions (15) in the following way. Since

) 00 00 1 )
Payn=> ) %S&m)z’"an i=1,23

n=0 m=0

we get at the outer and inner surface of the cylinder
DUCSEED IS %Sgl’m)(iL)’”g’"a" =0 i=123
n=0 m=0
which holds true if

n +Ln—r i
Z QS’*‘ =0 i=1,2,3 n=0,1,2...
— (I’l—i’)! (r,n 1)

This can be written

n—1 n—r
(£L) i3 B0 i _
Zo ms(r,nfr)""s(n,o)—o i=1,23 n=0,12...

The condition that the sum of the stresses on the outer and inner boundaries is zero, will therefore be

n—1 L+ ( _ L)n—r

i3 i3 _
2 o S 2800 =0

rn—r

With the help of the eqns (11)—(13) for m=0 we find the elements of the second column from the
formulas

1 n—1 = +(—L)n7r .
U1y = =0 W) + EZO T = e

1 n—1 L= +(_ L)n—r “
Vity = =0, W) + f; T I R

1 1 n—1 [ +(_ L)nfr 3
Wy = |: — ,u(éx Uwo) + 9y V(n,o)) R Wno) + 3 2 —(n ) S(,,’,H) 2+ p)
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By this choice we have ensured that for each component the sum of the stresses on the outer and
inner surfaces vanishes. Later, in deriving the final equations, we shall impose the condition that also
the difference does vanish, thus making sure that the stresses on both sides are zero.

The derivatives of order m > 1, i.e. all elements in the third, fourth and higher number columns can be
found by solving the equations of equilibrium (8)—(10) for the highest-order derivative, thus obtaining
the derivatives of order m+ 2 from the lower-order derivatives.

To make the eliminations procedure clear, we shall give the first steps in detail. Below, the numbers in
square brackets correspond to the (Italic) numbers in the table.

[1] The first derivatives with respect to z of the zero-order functions Ufy,, are found from the
boundary conditions (15), which for n=0 reduce to S(0 0 =0 With n=m=0 the eqns (11)—(13) yield

U,y = —6:W, 0

Vo) = —0,Wo, 0

W =

0. U, o, W, 14
2+ (H (0,0) + U0y (00)+R (00)>

[2] The second derivative Uy is found from the equation of motion (8), which for n=m = 0 reduces
to

457 4267 + 3ud% + o,
24

L4+pu 1
Upz) = — —2—L6.8,V(00) — =————0 W0, — AU
0,2) 2+ 1 xOy ¥ (0,0) R(2 + 'u) x "7 (0,0) 0)Y(0,0)

(0,0)
and similarly, V92, W, are found from eqns (9) and (10).

[3] The first derivatives with respect to z of the first-order functions U, 1.1y are again found using the
boundary conditions (15), which for n = 1 yield S 310) = 0. With n=1 and m=0 the eqns (11)—(13) yield

Ua,y = -6 W(1,0)

Vi = —0,W(1,0)

1 0
Wan = “tg (Hfsx Uao) — 1oy Wi o) — R W(l,m)

The six derivatives of [2] and [3] completes the first ‘slash’. This is all, what is needed for the lowest-
order theory. The derivatives in the next ‘slash’ consisting of [4], [5], [6] are determined correspondingly,
and so on.

When the relevant derivatives have been deduced, the boundary conditions can be applied to find the
differential equations for the shell. Now we impose the restriction that the difference of the stresses
between the outer and inner surface is zero. Their structure reveals that for each n they impose one

relation between the functions Ug—; ), Viu—ry and Wy, for r=20,1,2,..., n, indicating the economy
of the computational work of the ‘slash-order’ sequence.
For n = 0 these relations are identically satisfied, actually because they were used to derive the

functions U 1), Vo,1) and W 1. However, for all n>0 they given non-trivial results.
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4. The sequence of asymptotic equations

For n =1 we get the first non-trivial approximation to the equations of cylindrical shells. After
determining the first nine derivatives

Uo1y, Vo, Wons Uo2, Vo2, Woz. Uan. Van. Wan

which were deduced using the condition that the sum of the stresses at the outer and inner boundaries
did vanish, we apply the boundary conditions (15) again, but not to the difference between the stresses
at the outer and inner surface.

S Gt . S S
e Seen =0 =2

This yields the following three equations

Fi[Uoo)s Voo» Woon]+AwUoo =0
B[Uoo), Voo, Woon]+AoVen =0
F[Uoo. Voo, Woo]+AoWeo =0 (16)

where the linear differential operators Fi, F> and F; are given by

1 a9\ ,
Fiu, v, ‘V]_m;g:(%) <5> Sipg(x,¥) i=1,2,3

in which the functions fj,,(x, y) are given in Appendix I.
These are the shell equations for the membrane state, and it is easily checked that they correspond
precisely to the classical shell equations taken in the limit #/R = 0, i.e. when no bending terms are present.
Proceeding in the way described in the last section, we get for n = 2, after determining the nine
additional derivatives,

Uos), Vo3 Wos» Uda2, Vaz, Wap. Uan. Ve, Wen
the equations
Fi[Uq0) Vaoy Wao ]+ AoyUao) + AqyUeo =0

F2[Uq o Vo Wao] +AoyVao + Ay Voo =0
F[Uao) Vo, Wao | + Aoy Wao + AayWeo =0 (17)

with the same linear operators F;, F, and F; as before. Comparison of eqns (16) and (17) shows that
Aqy = 0. It is therefore clear that this iteration adds nothing of essence to the theory. In fact, as in the
case of flat plates, only odd numbered iterations provide non-trivial results.

For n = 3 we need in addition the following 12 derivatives,

Uos), Vo, Wos. Uas, Vazs, Wags)

Uoo, Ve, Weoa. Usn. Ve, Wan
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and obtain the third-order equations of equilibrium

Fi[Uao: Vo, Wao]+ L*Gi[Uco)- Voo Woo ]+ AoyUeo + ApyUo) =0
F:[Uao), Voo, Wen ]+ L*Ga[Uno, Voo, Won ]+ AoVeo +Ax)Voo =0
F3[Uwo). Vo, 0, Weaoy ] + L2G3[ U, 0y Vi0.0)» W] + Aoy W) + Aoy Wioo) =0 (18)

where the linear differential operators Gy, G,, and G, are given by

= OO
iu, v, w] = mxp:; Ix <5> Zipg(X, )

in which the functions g;,,(x, y) are given in Appendix .

In the same way as we could conclude from the second-order iteration that Ay =0, we find that the
fourth-order iteration implies that Ay = 0. Next non-trivial iteration occurs for n = 5. We find after
computing all relevant derivatives that

Fi[Uuo), Viaoy Wao)] +LZGl[U(2,0), Vo, Weo | +L4H1[U(0,0), V0.0, Woo]

+ AU + AU + AwUoo =0

F>[Uao)s Viaoy, Wao ] + LZGz[U(z,O), Vo) Wao ]+ L4H2[U(0,0), V0.0) Wo.0)]
+ Aoy Uao) + Aoy Vo) + AV =0
F3[Uoy, Viaoy» Wao)] +L203[U(2,0), Voo, Weo| +L4H3[U(0,0), V0.0)» Woo |
(19)
+ Ay W0y + M) Weo) + Awy W =0

where the linear differential operators H,, H,, and Hj are given by

" 1 (a)” 2\",
1= e 2 aw) (i) e

in which the functions /;,,(x, y) are given in Appendix L.
Multiplying the eqn (18) by &2, eqn (19) by &*, etc. and adding all these equations to eqn (16), we get

Fi[u, v, w] + thl[u, v, w]+ h4H1[u, v, wl+Au---=0 (20)

where the dots indicate higher-order terms in the thickness 4, and where the displacement functions u, v,
w are evaluated at the middle surface, i.e.

u=u(x,y,0) v=vx, »,0) w=w(, y 0)

Similarly, we obtain the second and third equation of motion in the form

Folu, v, w]+ 112G2[u, v, w]+ h4H2[u, v, W]+ Av--- =0 (21)
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F3[u, v, w] + h2G3[u, v, w]+ h4H3[u, v, wl+Aw--- =0 (22)

where again, the dots indicate higher-order terms in the thickness.

The system of eqns (20)—(22) are the two-dimensional equations for cylindrical shells truncated at 4*
with a relative error of order (h/L)°. Next approximation would require two more iterations, but we
stop here. One reason is that the equations grow in length with a factor of roughly 10 for each second
iteration and become rather unmanageable.

Written out, the three equations of motion for the lowest order bending theory of shells are

St LV LV st Yo — [2\/254,u ookt + W s,
T T Y T R 61—y L % <) RO
_ v2_9;—2+6vz(3§u + 202536, + 2078,8% — @-wnl1 = v+ v?) 5,0, — %ﬁw(m
B 2—51\;+v25iw+ 1 —v—|—;1{v2 _2‘/35x3_‘2,,w] LYo
lziaxa},u +0%v+ I—;V(sﬁv + %(%,w + 6(1117_2”2 [2v25§5yu T N T ke 1;: I
F s+ sty BT 3V])2(25 —Wg, 102 23? v 5w VB =V,

349y — 62+ 23

5i5J,,»¢’] + I%VAV =0

R
v 1 w h? v(l —v)(1 +3v) V2 4—5v+v2P 433
RO+ RO+ ot P [2 X Syt + 3§5iu + Sx0ou
1— 2—dv+ 32 2— v+ 11V — 33
54 = Ysw+3 ;Jr oy +R T 52,04+ 21— )P (84w + 2020w + o )

_ _ 2
+2(1 v)(1 +3v)w+ 10 —17v + 10v

2 )
R 7 (5},w

Aw =0

2=+ v+, 1—v
+ R ow | —

where Poisson’s ratio v has been reinstated for a more convenient comparison with the shell equations
of other authors.

5. Boundary conditions

The conditions at the free surfaces +/ are already taken care of when deriving the asymptotic
equations of motion. It remains to formulate the conditions along the boundary curve, in case the shell
is not complete.

To have a well-posed mathematical problem, the number of boundary conditions and their order
must be properly related to the order of the differential equations.
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The lowest-order theory (the membrane shell theory) leads to a fourth order differential equation, and
only four boundary conditions can be satisfied, e.g. we may prescribe only two of the three displacement
functions at each end of a cylindrical shell of finite length. This is a well-known property of the
membrane theory.

The third-order theory, which is the lowest-order shell theory that includes bending terms, leads to a
differential equation of order eight. The eight boundary conditions to a well-posed mathematical
problem are those well known from the classical shell theory and will not be repeated here.

Next non-trivial higher-order theory (n=5) leads to a differential equation of order ten. This means
for example that for a cylindrical shell of finite length, we should prescribe five boundary conditions at
each end to have a well-posed mathematical problem.

For any higher-order theory special care has to be taken to describe the boundary conditions
properly. There is hardly any doubt associated with the meaning of a ‘free’ boundary or a ‘clamped’
boundary, which refer to the absence of stresses or displacements, respectively, throughout the thickness
of the shell. But the term ‘simply supported’ does not have such a well-defined meaning. Since the
asymptotic expansion is a true representation of the three-dimensional state, we are in a position to
prescribe the boundary conditions precisely as we do in the case of any three-dimensional body, but we
can only satisfy them approximately, the approximation depending on the order of our theory.

Let us for example consider a clamped boundary. Strictly speaking a clamped boundary must be
understood to mean that all displacements u(x, y, z), v(x, y, z) and w(x, y, z) vanish at all points x, y of
the boundary throughout the thickness of the shell, i.e. for all —4 <z <h. Thus, all the derivatives
3" /0z™ of the displacements must vanish for all numbers m =0, 1, 2,.... This can only be satisfied up
to an order determined by the order of the differential equation. For the third-order theory we can
prescribe the function Uy at the boundary (and similarly for the other two displacements). But since
U,y = —0xW0,0), the derivative du/dz can be replaced by the slope —dw/dx. To prescribe the second
derivative 9%u/dz*> we need a higher-order theory. But since the derivatives with respect to z of any
stress or displacement is determined in our analysis in terms of the two-dimensional displacements and
their derivatives with respect to x and y, we can accommodate the boundary condition with any
accuracy desired, provided that we have a theory of sufficiently high order.

Conditions are very similar for a free boundary. But the exact meaning of for instance a ‘simply
supported’ boundary must be explained in terms of displacements and stresses throughout the thickness
of the shell.

For each new iteration the order of the differential equations increases, every new iteration permits
(and requires) a more detailed description of the displacements and stresses at the boundary. The so-
called three-dimensional boundary layers, which have been discussed to some extent in the literature are
a natural result of this. However, it would take us too far to pursue this further.

6. Numerical results

To determine the accuracy of the different order shell theories, it is necessary to have an accurate
solution of the three-dimensional cylinder in at least a special but relevant case. For that purpose we
have computed the natural frequencies of an infinitely long cylinder of arbitrary thickness vibrating in a
sinusoidal pattern in both directions from the three-dimensional equations of equilibrium.’

Let us assume that the displacements in the middle surface are given by

3> The method is described in Appendix II.



1830 F.I. Niordson | International Journal of Solids and Structures 37 (2000) 1817-1839

u:Acos%cos%; v:Bsin]%sin%y; w:Csin%cos%

For a complete shell the displacements must be periodic in y with the period 2zR and therefore ¢ has
to be an integer > 0. The number p determines the wave-length of the deformation in axial direction and
cannot vanish, but is otherwise not restricted.

This displacement pattern satisfies all three equations of motion (20)—(22). When substituted into the
equations, we get a system of three linear and homogeneous equations for the coefficients 4, B and C.
The condition for a non-trivial solution (that the determinant of the system vanishes) determines the
eigenvalue A.

For a numerical evaluation let us take Poisson’s ratio v = 1/3, which makes u =2. In order to
compare the results with those of the Moreley—Koiter equations we introduce

1 —v?

4 1

) A =3A

For the case p = ¢ =2 we get the results shown in Fig. 1, where the curve A gives the eigenvalue for
n = 3. The curve for the eigenvalue according to the Morley—Koiter equations® coincides with curve A
and within the accuracy of the diagram it cannot be distinguished from the third-order theory. Curve B
gives the eigenvalue according to the refined shell theory corresponding to n = 5. Curve C is the three-
dimensional solution, to which the two-dimensional shell solutions A and B can be compared.

Similar results are shown for a higher mode p = ¢ = 8 in Fig. 2, where the curves A, B and C have
the same meaning as above in Fig. 1. It is interesting to note that the lower-order theory n = 3 gives an
upper bound and the higher-order theory n = 5 a lower bound for the eigenvalue. We might expect that
next higher-order theory n = 7 would again yield an upper bound for 4. The same pattern appears, and
the same conclusions may be drawn, for all other cases investigated in this connection.

The diagrams illustrate both the improvement obtained by the higher-order theory but certainly also
the limitations of any shell theory.

The analysis predicts that in the third-order theory the relative error is proportional to (h/L)* and in
the fifth-order theory proportional to (i/L)*, when the shell is sufficiently thin. This would require the
functions

[ e o )

to be independent of % for sufficiently thin shells. Here /5 is the eigenvalue according to the third-order
theory and As the eigenvalue according to the fifth-order theory, while A is the exact eigenvalue.

Fig. 3 shows the functions A and B (in an arbitrary scale, different for the two functions) evaluated
using the numerically computed value of 1 for the case p=¢g = 8. For curves Al and BI at first-order
Runge—Kutta method was used to determine / and for the curves A2 and B2 a higher-order Runge—
Kutta was applied.

The result is as one would expect, except for the range 0 < /R < 0.03 where clearly the accuracy of
the numerical determination of A is critical and insufficient for this purpose.

6 Niordson, F.I., 1985 p. 259-262.
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Fig. 1. The eigenvalue 1 for the case p = ¢ =2. Curve A: Present third-order theory and Morely—Koiter equations. Curve B:
Present fifth-order shell theory. Curve C: Three-dimensional solution.
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Fig. 2. The eigenvalue 1 for the case p = ¢ = 8. Curve A: Present third-order theory and Morely—Koiter equations. Curve B:
Present fifth-order shell theory. Curve C: Three-dimensional solution.
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Fig. 3. The function 4 and B for the case p = ¢ = 8. Curve Al: The function A4 using a first-order Runge—Kutta for 1. Curve Bl:
The function B using a first-order Runge—Kutta for A. Curve A2: The function A4 using a higher-order Runge—Kutta for 4. Curve
B2: The function B using a higher-order Runge—Kutta for /.

Appendix I
List of all non-vanishing functions f'[p, q, ], g[ p, g, r], [ p, q, 7]

Sin = Q2+ 3p)v(x, y)

.fllO = 2MW(X’ y)/R

Ji20 =41 4+ pu(x, y)

Sio2 = 2+ wu(x, y)

S =2+ 3pu(x, y)

220 = 2+ pwv(x, y)

Soo1 =41+ pw(x, y)/R

f202 = 4(1 + ,U)V()C, y)
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S310 = —2pu(x, y)/R

Sr01 = =41 + wv(x, y)/R

gui = (44 3u)(—4 = 2u+ 1P)v(x, y)/ R
g1 = 42 (1 + pv(x, »)

g2 = 2(4 + 10p + 124% + 5/13)w(x, »)/R
g1 = 42 (1 + pu(x, y)

gz =47 (14 pv(x, y)

2o = 41+ (=4 + p+ 2)w(x, 3)/ R
2120 = 2u(—4 + p + 21 u(x, y)/ R

2130 = 2(1 + p)(=8 — 6+ 1)w(x, »)/R
gia0 = 42(1 + pu(x, y)

2102 = 2+ p)’u(x, y)/ R’

@11 = —2(12 4 38 + 234 + 31 )u(x, y)/ R
g1 = 2(=12 = 18— 6° + i)w(x, y)/ R
g1 = 42(1 + pu(x, y)

g = 47(1+ HV(X, Y)

213 = 42(1 + pu(x, y)

201 = —2(1 + p)(40 + 28p + 347 )w(x, y)/ R’

20 = —4(1 + )& + (S + 3p)v(x, »)/ R

1833
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8203 = 2u(1 + p)(6 + Sp)w(x, y)/R

S04 = 47 (1 + pv(x, )

g1 = —(16 4+ 20p + 144% + 71 ) v(x, )/ R

g3 = —(32 + 76u + 58u% + 17,u3)u(x, »)/R

gm = —8(1 + W2 + w)’w(x. y)

€310 = =22 + W2 + Spu(x, y)/ R’

g320 = —2(8 +20p + 174 + 6,u3)w(x, y)/R2

2330 = —6%(1 + wu(x, y)/R

g0 = —4(1 + )2 + P *w(x, y)

g1 = —10p(1 4+ Q2 + p)v(x, »)/ R

€302 = —4(1 + )20 + 23p + 8)w(x, )/ R®

303 = —6(1 + p)(8 + 8u + 3p*)v(x, y)/R

o4 = —4(1 + )2 + p) w(x, y)

hinn = —(2816 4 9800 + 122164 + 65864 + 1423u* + 661°)v(x, y)/(2R*)
his1t = —(3784 4+ 11972p + 1456247 + 83311 + 1880u* + 4815 )v(x, 1)/ (2R?)
hisi = 47 (1 + p)(—24 — 28u + 3w, ¥)

hi1a = (—3056 — 4040p + 507642 4+ 12030 + 75051* + 153615 )w(x, v)/(2R?)
hiz = (—664 — 1028y + 22341% + 5505.° + 38684 + 8801 )u(x, y)/(2R*)

Mz = (— 1024 — 2488y — 153247 + 4224 + 735u* + 23848 )w(x, )/ R
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hias = 8P (1 + p)(—24 — 28 + 3pP)u(x, y)

s = (— 1000 — 1440 4 13684 4 36804° + 2375u* + 4971 ) v(x, )/ R?
hiss = 817 (1 + p)(—24 — 28+ 3pP)v(x, y)

hita = (272 4 1784 + 367242 + 3338 + 1457u* + 27248 )w(x, »)/R

hioa = 4°(1 + p)(—24 — 28 + 3 u(x, y)

hiis = 40 (1 + p)(—24 — 28u + 3w, y)

hito = —(1 + (1728 + 43364 + 317012 + 7341 + Tutyw(x, v)/ R

hizo = —p(1728 + 4336 + 3170u% + 7341° + Tu*yw(x, y)/2RY)

hizo = (—2704 — 9040 — 109564% — 58834 — 1143u* + 10p°)w(x, y)/R?
hiao = u(—488 — 1630u — 1616% — 427° + 17 )u(x, )/ R?

hiso = —2(1 + p0)(648 + 1488 + 111417 + 344> + 170 )yw(x, y)/R

hiso = 43 (1 + p)(=24 = 281 + 32, )

hiox = 92 + w)’u(x, y)/ R

hioa = 242 + u)’u(x, y)/ R?

hat1 = (2880 + 2256u — 9976u% — 1412017 — 6359u* — 94648 Yu(x, )/ 2RY)
haoy = —(12896 + 411364 + 471924% + 246564 + 5377p* + 2561°)w(x, y)/(2R?)
ha31 = (1056 + 43364 + 6568u> + 4665 + 1801 + 3170 )u(x, y)/ R

hoat = —(2448 + 74164 + 851247 4 46024 + 1139u* + 741 )w(x, y)/R

hasi = 412 (1 + p)(—24 — 28 + 3 )u(x, »)

1835
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hyyy = (—5112 — 10812 — 65704 + 57y + 1536 + 448, )v(x, y)/(2R?)

hagy = 47 (1 + p)(—24 — 28 + 317 v(x, y)

hais = (4008 + 191164 + 338624 + 283714 4+ 11652* + 1896 u(x, y)/(2R*)
hary = (—3328 — 8776y — 8148y — 2950 — 99u* + 1581 )w(x, y)/R

hyzs = 8 (1 + p)(—24 — 28 + 3 u(x, y)

haoa = 8P (1 + p)(—24 — 281 + 3pP)v(x, »)

hyis = 42 (1 + p)(—24 — 28 + 3 u(x, y)

haor = —(1 + p)(4944 + 17176 + 1772042 + 72591 + 10361*)w(x, ¥)/ R

haoa = —(1 + p)(3704 + 13396 + 1419047 + 59741 + 881" )w(x, y)/R*

haos = (1 + p)(—1736 + 1664 + 638647 + 46451° + 1042 yw(x, )/ R

haos = (1 + p)(384 + 5924 + 897647 + 50104° + 977u*)w(x, y)/R?

haos = 4(1 + p)(—220 — 120 + 2114% + 2024° + 58u*)w(xx, )/ R

haoe = 4°(1 + p)(—24 — 28u + 3p)v(x, ¥)

hya1 = —(2224 4 10160p + 157081 + 126004 + 6256p* + 13211°)v(x, y)/(4R?)
3a1 = —(3048 + 10028y + 122904% + 7023 + 2039u* + 3411 )v(x, y)/(2R)
312 = (720 — 96641 — 4035617 — 48568u° — 24300u* — 43711 )u(x, y)/(4R?)
3z = —(6344 4 23976 + 3486047 + 246971 + 87071 + 13091°)w(x, y)/R?
332 = (8 — 3020p — 8198 — 80731 — 3761 " — 8431 Yu(x, y)/(2R)

hyar = —12(1 + )2 + )’ 34 + 27u)w(x, »)
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323 = —(6088 + 205644 + 27434u* + 1823117 4 6359u* + 11011°)w(x, »)/(2R)
hyia = (8 — 1764p — 552617 — 612917 — 3021 " — 6311 )u(x, y)/(2R)

hyoa = —12(1 + Q2 + ) (34 + 27p)w(x, ¥)

310 = 202 + (120 + 4p — 262u% — 1011 )u(x, y)/ R’

h320 = —(1536 + 68801 + 127284% + 115501 + 55501* + 1069°)w(x, v)/2R*)
h3so = —(pu(324 + 422p + 55112 + 7321° + 247 yu(x, y)/ RY)

hyao = —(1536 4 61204 + 92624 + 663647 +2313u* + 357 )w(x, »)/R?

h3so = —2u(1 + w)(314 + 354p + 13242 + 531 )u(x, )/ R

hyso = —4(1 + (2 + p)’ (34 + 27w, y)

hyor = (1 4+ p)(2 + p)(356 + 120p — 59112 — 202 )v(x, y)/ R’

hyon = —(1 + u)(1704 + 137964 + 19602u* + 10578 + 1979u*)w(x, y)/R*
h303 = —(1 + (752 + 8552 + 1242442 + 67671* + 1272u*)v(x, )/ R®

3oa = —(1 + 1)(3808 + 11404 + 120961 + 551415 + 993u*)w(x, v)/R?

hyos = —4(1 + p)(380 + 937p + 956> + 4451° + 95u*)v(x, »)/R

hyos = —4(1 + )2 + p)*(34 + 27p)w(x, »)

Appendix IT

The three-dimensional equations of motion for circular cylinder are given by (5)—(7). In the numerical
evaluation we take u =2 and R = 1 for simplicity. Substituting the displacement functions

u = U(z) cos (px) cos (q))

v = V(z) sin (px) sin (gy)
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w = W(z) sin (px) cos (q)

into the equations of motion, we get after cancelling the common trigonometric factor, the following
system of ordinary second-order differential equations

4p* + ¢
(1 +Z)2

U'@)+ %HU "(z) — U(z) + 3pgV(z) + 3pW ' (z) + 13—fZW(z) +AU(zZ)=0

3q N0 :
a Wi(z) W(z)

+z)? (1+2z)

4q2
(1+2)

3
V%@+T:;Vxn—< S U(z) —

2\ - 3pq
+p>w)+1 d

1+
+AV(z)=0

444
(1 +z2)

MV%@+T%;W”@y—( +ﬁ)W@y+wa@—Iégvcy-@U(@+AW@):0

This system of equations is solved numerically by a Runge—Kutta procedure from z=—h to z= +h.
The initial values of the first derivatives are determined from the condition that the stresses vanish at
z=—h, i.e.

U'(=h)=—pW(—h)

q
(1 —h)

V'(—h) = W(—h)

W’(—h)ng(—h)—gV(—h)—ﬁW(—h)

At the upper limit z= + / the stresses are found from

3 =U'(h) + pW(h)

232: /h_ q h
V'(h) (1+hYW«)

2
z”=4wﬂmy+TIsz%+MVM%—bU%)

For a given value of A we perform the Runge—Kutta integration three times, one for initial values
U(—h) = 1; V(=h) = 0; W(—h) = 0 another for the initial values U(—h) = 0; V(—h) = 1; W(—h) =0 and a
third for U(—h) = 0; V(—=h) = 0; W(—h) = 1.

The determinant of the three stresses for the three cases is now found as a function of A and then the
eigenvalue A is found from the condition that the determinant vanishes.
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